The dynamic structure factor and the dispersion of transport coefficients are calculated for a simple liquid on the basis of the Fokker-Planck equation for a nonequilibrium distribution function of collective variables. The mode-coupling theory is used to obtain a closed chain of equations for wave-vector-( k ) and frequency-( ω ) dependent transport coefficients. It is shown that in the intermediate region of k the relations of nonlocal thermodynamics give more reliable results, while in the case of small wavenumber values one could restrict oneself by local thermodynamics. An analysis of the sound mode is performed and the coefficient at k 5/2 for a sound frequency dispersion is calculated. The obtained results are compared with both the experimental data and computer simulation.
Introduction
The theoretical investigation of nonlinear fluctuations appears to be an extremely complicated, interesting and completely unstudied problem in modern statistical mechanics. This problem has, besides a purely theoretical point of view, an important applied aspect as well. It is clear that permanent attention has been paid to the investigation of nonlinear fluctuations in different objects: dense gases and plasmas [1, 2] , simple and ionic liquids [3] [4] [5] [6] [7] , disordered [8] and quantum systems [9] , liquid-glass phase transitions [10] . One has obtained nonlocal transfer equations, calculated transport coefficients, carried out the analysis of structural properties of the systems, the investigation of time correlation functions with consideration of a self-energy operator.
The result of the influence of fluctuations is the appearance of "long tails" in time correlation functions which exhibit nonexponential damping in time. Besides, the transport coefficients appear to be dependent on both wave-vector k and frequency ω. The appearance of the mentioned dispersion for transport coefficients is observed in neutron scattering experiments and is characterized by a sound frequency renormalization [3, 11] that leads to a shift of the Brillouin peak of the dynamic structure factor. A typical feature of the dispersion in transport coefficients is its nonanalytical dependence on k and ω [12] . There are several methods for obtaining these nonanalyticities, namely, the Green functions method [13] , the formalism of the Fokker-Planck equation (FPE) for the distribution function of coarse-grained dynamic variables [14, 15] , the projection technique on the basis of nonlinear fluctuations [16] . In each mentioned case the procedure of the decoupling of higher-order time correlation functions in products of pair time correlation functions is used, allowing one to obtain a closed chain of equations for the determination of a self-energy matrix and, consequently, for the calculation of kand ω-dependent transport coefficients due to nonlinear fluctuations. However, the procedure of decoupling is known to be effective in the limit k → 0 only, when the equilibrium solution of FPE could be expressed in a gaussian form. On the other hand, it is obvious that the mode-coupling theory should give us correct results, at least in a hydrodynamic region of k. Some attempts have been made [4, 5, 17] to determine the upper limit of k, where the mode-coupling theory still holds. In [17] the authors suggested that, taking into account kinetic processes, one can improve the description and the mode-coupling theory gives reliable results up to the values of dimensionless k * = 1 ÷ 3. In the present paper we propose another explanation of the mentioned results which takes into consideration nonlocal thermodynamic relations (which is of particular importance in the vicinity of the critical point [16] ).
The paper is organized in the following way. In section 2 we write down FPE for a distribution function of coarse-grained dynamic variables on the basis of a nonequilibrium statistical operator. Section 3 is devoted to the calculation of thermodynamic forces and hydrodynamic velocities in both the gaussian and higher order approximations in fluctuations. In section 4 we obtain the expressions for generalized (k-and ω-dependent) transport coefficients using the mode-coupling theory. The subject of section 5 is calculation of the dynamic structure factor of a simple liquid on the basis of the results obtained in the previous sections. A few words will be said about the advantages of nonlocal thermodynamic relations and approximations for triple static correlation functions joining the irreducible parts of hydrodynamic velocities and quadratic fluctuations of basic variables. One should point out that fluctuations of the total energy will be taken into account, while in the majority of cases a viscoelastic approach has been used [4, 5, 10 ]. An analysis of the sound mode is performed and the coefficient at k 5/2 in the expression for a sound frequency dispersion is calculated. A comparison with the experiment and computer simulation will be provided. Some conclusions are drawn in the last section.
Fokker-Planck equation for the distribution function of coarse-grained dynamic variables
We are studying a one-component classical liquid, where hydrodynamic fluctuations can be described by a set of orthogonal dynamical variablesâ mk : Fouriertransforms of the number density fluctuationn k , the momentum density fluctuationĵ k and the enthalpy density fluctuationĥ k
whereε k is the Fourier-transform of the total energy density fluctuationŝ
p j , m correspond to the momentum and the mass of the particle,N denotes the total particle number,P means the total momentum of the system andÊ -the total energy of the system. Φ(|r jl |) is the potential energy which we choose in the 
, where ρ 0 (x N ) means the equilibrium distribution function, dΓ N = (dx) N /N!; dx = dp i dr i . Dynamic variables (1)-(2) obey the conservation laws in the form
where iL N denotes the Liouville operator, and expressions for the corresponding microscopic fluxesÎ nk could be written down explicitly. Complete information about hydrodynamic fluctuations is contained in the nonequilibrium distribution function [14] of dynamic variables (1):
where · · · t = dΓ N · · · ρ(x N ; t) denotes an averaging with the nonequilibrium statistical operator ρ(x N ; t) [18] , obeying the Liouville equation:
Taking into account the definition of (4) and (5) one can pass to FPE for the nonequilibrium distribution function f (a; t) which, by using the Markovian approximation and restriction by the second derivatives with respect to hydrodynamic variables, can be presented in the following form [14] :
where
denote hydrodynamic velocities,
means statistical weight of the state with fixed values of fluctuations that determines entropy S(a) = ln W (a), and thermodynamic forces F n (k; a)
are conjugated to a nk ,
denote generalized kinetic coefficients. Here T a (t, t ′ ) = exp{(t − t ′ ) (1 − ℘ a )iL N } means a "truncated" evolution operator [14] , while ℘ a denotes a projection operator on the state with fixedâ = a.
From the structure of expressions (7)- (9) it is easy to see that the calculation of thermodynamic forces means the evaluation of statistical weight W (a). As a rule, W (a) is approximated by a gaussian form of the set a nk . However, one has to calculate nongaussian terms in v nk (a) to be able to determine generalized transport coefficients. It is the subject of the next section where terms quadratic in fluctuations will be obtained on the basis of the cumulant expansion [6, 19, 28] of the statistical weight for a state with fixed values of a nk .
Calculation of thermodynamic forces and hydrodynamic velocities
At first we shall calculate thermodynamic forces F nk . For this purpose we use an integral representation of the δ-function:
Then, performing the cumulant expansion [6, 19, 28] , we can write down expressions for F nk up to the second order in fluctuations:
where we have used the following denotations for gaussian contribution F G m (k; a) and tensor U mrl (k, k ′ ):
Here . . .
denotes n-th cumulant (index c means cumulant averaging).
In a similar way we can calculate hydrodynamic velocities v mk (a) (7) . For this purpose let us introduce the parametrical statistical weight as
. (16) Now, carrying out the cumulant expansion like that in the case of W (a), we can write down expressions for v rk :
where we have for gaussian contribution v
and for tensor V ril (k, k ′ ):
It is interesting to compare expression (17)- (19) with the results of the projection on the orthonormalized basis of higher fluctuations [20] . One can see that the presented results differ from [20] only by the normalization factor in denominators of (19) . The second observation that could be done from (10) and (18) is an exact Green-Kubo representation for kinetic coefficients in the gaussian approximation for hydrodynamic velocities with projection operators coinciding with Mori projectors as it should be in the linear hydrodynamics case. An explicit form of the next term of the projecting operator ℘ a could be extracted from (19) and, as it has already been said, this form resembles a projection operator on the higher fluctuations basis [20] . From the point of view of hydrodynamic velocities one can conclude that kinetic coefficients (10) can be represented as a sum of the gaussian term and the term due to nonlinear fluctuations:
It is the second term in (20) that determines time-spatial dispersion of the transport coefficients. In the next section we shall obtain the expressions for generalized transport coefficients within a mode-coupling approach using the approximation quadratic in fluctuations of hydrodynamic variables.
Calculation of time-spatial dispersion of transport coefficients
At the beginning let us introduce the time correlation functions (TCF) of collective variables (1):
where time evolution is determined by the Liouville operator and averaging is performed over equilibrium distribution. For the Fourier-transform of TCF (21) one can obtain the following matrix equation [23] :
and kinetic coefficients D mn (k, ω) can be calculated using the mode-coupling formalism [2, 3, 11, 16] , as follows:
(Summation over repeated indexes in (23) is assumed). The first term in (23) denotes a "bare" transport coefficient determined as
where averaging is performed with an equilibrium solution to FPE (6).
In fact, relations (22)- (23) form a coupled chain of nonlinear integral equations for TCF where generalized kinetic coefficients Γ(k, ω), in theirs turn, are expressed via the corresponding TCF. This chain of equations can be solved in the lowest orders in k by successive iterations [3] , taking for the zeroth approximation for TCF their linear hydrodynamic expressions and restricting oneself by thermodynamic values V mls (k, k ′ ) ≈ V mls (0, 0) for triple static correlation functions (TrSCF):
In (25), [3, 11, 12] due to nonanalytic behaviour of transport coefficients in ω. On the other hand, nonanalytic dependance in k leads to renormalization of the corresponding modes. For instance, one can see that dispersion of a sound mode might be presented in the following form:
where functions δ s (n) are connected with amplitudes V 0 mnl (0). The last equation gives the well-known k 5/2 correction to the sound mode in the lowest order in wavenumber. It was shown [3, 16, 20] , that taking into consideration either the cubic fluctuation or nonlocal values V 0 nnl (k ′ ) of amplitudes give corrections of higher orders in k and ω in comparison with the iteration procedure and is not taken into account when k is small. However, their contributions become important in the intermediate domain of wave-number where the mode-coupling theory is believed to be still reliable [17] . It is obvious that consideration of cubic fluctuations needs the knowledge of the 4th order static correlation functions. Instead, we restrict ourselves by taking into account nonlocalities in functions (26) .
It should be emphasised that our approach is consistent with those of [12] giving at the beginning the appearance of √ k-contributions to the dispersion of transport coefficients for frequencies much lower than the diffusive ones and, afterwards, square root frequency dependence √ ω for an intermediate frequency region. In this context we have a picture resembling the results of [25] where a double crossover in frequency dependence of shear viscosity when passing from regular to nonanalytic and again to regular behaviour at high ω was observed in the case of nonzero wave-numbers. However, we have not introduced specific features of transport coefficients at small time scales (like that dealt with cage effects in [25] ), so we cannot claim for a proper description of high frequency behaviour of transport coefficients. Nevertheless, our "long tail" time features of transport coefficients have correct prefactors while the result for viscosity in [5] is not correct. We left aside the convergency problem of the corresponding series of the iterative procedure. As far as we know, it still remains an open question for dense fluids [2, 3] . It can be pointed out that another problem stressed in the cited papers, which deals with divergency of Burnett and super-Burnett terms, turned out to be closed [11, 12] , so that formal expansion of the sound mode contribution to the transport coefficient in the series of k is not correct, when c k t → ∞.
At the end of the present section we would like to write down the relations between kinetic coefficients Γ mn (k, ω) and nonlocal transport coefficients:
for generalized shear viscosity η kω , where n denotes the number density;
for generalized longitudinal viscosity, where ζ kω denotes the generalized bulk viscosity;
for generalized thermal conductivity λ kω , where C v means specific heat at the constant volume;
for generalized thermoviscous coefficient ξ kω vanishing in the limit k → 0. In expressions (28)-(31), superscripts (0) are used for "bare" values of the corresponding transport coefficients, n α = k α /k. In the next section we shall calculate a dynamic structure factor for the Lennard-Jones fluid both in local and nonlocal thermodynamics approximations in the intermediate region of dimensionless parameter k * = kσ LJ .
Calculation of a dynamic structure factor. Investigation of sound mode dispersion
For the calculation of transport coefficients dispersion we start from equation (25) . Passing from sum to integral
. . . dk ′ and performing regularization of the corresponding integral [11] , which means a substitution of "observable" values of transport coefficients at k = 0, ω = 0 for "bare" ones, we obtain:
and G 0 mn (k, ω) means a zeroth (linear hydrodynamic) approximation for TCF. It should be pointed out that there is no ultraviolet divergency in integrals (33) in a three-dimensional case due to regularization [12] . In the dimensionalities d = 1 and d = 2, one has to solve the equation for transport coefficients by a self-consistent method [21, 22] . Further, inserting (32) in (22) we come to a system of equations for TCF in the first approximation where the dispersion of transport coefficients due to nonlinear fluctuations has already been taken into account.
If one substitutes the values V 0
, which means taking into account a nonlocal thermodynamic approximation, he will obtain nonanalytic contributions to transport coefficients of higher orders in wave-number and frequency. In this section we present contributions of both local and nonlocal thermodynamics to the dynamic structure factor of the Lennard-Jones fluid. The second approximation turned out to be more correct in comparison with molecular dynamics (MD) simulations (see figures 1 and 2) . Now let us turn our attention to triple static correlation functions (TrSCF) V 0 nls (k ′ ) (26) . It is well known that taking the limit k ′ → 0 in (26) one can express TrSCF via the corresponding thermodynamic relations [3, 11, 16] . It is the case of local thermodynamics, when pressure of the system at a given point is determined by the values of particle and internal energy densities at the same point. On the other hand, there are situations (for instance, in the vicinity of the phase transition point) when pressure at point r depends on characteristics of the liquid in the neighbouring points. It corresponds to the case when the entropy functional is determined not only via hydrodynamic variables but also through their derivatives. In [26] the authors showed that it follows from the necessity for FPE to have its equilibrium solution. Some interesting results were obtained in [27] when both microscopic phase densityn(k, p) = N j=1 exp(−ikr j )δ(p − p j ) and δ(â−a) = n,k δ(â nk −a nk ) were taken into consideration. Unfortunately, the authors could not proceed to write general expressions for memory kernels only, though, taking into account the kinetic variablen(k, p) gives a more realistic picture of the system behaviour.
In the general case k ′ = 0, the problem of an approximation for TrSCF arises. It means that we have to possess some information about distribution functions of higher orders. On the other hand, we use as input data the results for pair static correlation functions from MD. Having MD results for the pair static correlation functions ε kn−k 0 , ε kε−k 0 , one formally takes into account correlations of three and four particles, correspondingly. But it does not mean that we have expressions for 3-and 4-particle distribution functions; we observe only their "integral" effects. Hence, the problem consists in the approximation of TrSCF via pair ones. There are several approximations for higher distribution functions: convolution, different kinds of the Kirkwood superposition approximation [28] . In fact, all these approximations are of the zeroth order in parameter nr 3 cor , where r cor is an effective correlation radius which can be estimated by σ LJ in the case of the Lennard-Jones liquid. In this context MD results for pair correlation functions could be treated as a certain "approbation" for distribution functions of higher orders. However, passing from distribution functions to pair correlation functions one can easily observe that various approximations have one common feature: bad long-wavelength behaviour. So far, as the main value of the integral in (32) is accumulated in the domain of small values of k ′ , the "loss of precision" due to approximation for TrSCF (26) is inevitable. Hence, the problem is only to take consistently into account a greater number of interacting particles (because of high density of the system) when choosing a particular form for the higher-order distribution function.
In our calculation we use the convolution approximation giving the factorization
for the triple static structure factor via pair ones. This approximation was shown to have better long-wavelength behaviour [29] than the superposition one. One can easily perform an inverse Fourier transformation in (34) from k-to r-space, expressing triple distribution function g 3 (|r 2 − r 0 |, |r 1 − r 0 |, |r 1 − r 2 |) via pair ones as follows:
Then, one can calculate TrSCF (26) in the approximation of triple correlation. Moreover, approximation (35) is found to give nice correspondence to the static correlation function n kε−k 0 , calculated in MD.
The calculation of the dynamic structure factor has been performed for the same thermodynamic point as in paper [24] : for the reduced density n * = nσ Figure 1 . Dependence of dynamic structure factor S(k, ω)π/τ σ on frequency ω * = ωτ σ at k * = k min .
• -MD results; ----local thermodynamic approximation; --nonlocal thermodynamic approximation.
neglected. While solving a coupled chain of equations (22)- (23) Figure 2 . Dependence of dynamic structure factor S(k, ω)π/τ σ on frequency ω * = ωτ σ at k * = 3k min .
At k * = 3 k min the local thermodynamic approximation does not describe a real picture at all. As to the nonlocal thermodynamic approximation, at least the form of the Rayleigh peak is partially reflected. However, one can see that at such a value of k * , the mode-coupling theory does not have good correspondence to computer simulation and we are on the margin of the theory validity.
At small values of k * it is possible to restrict ourselves to the local thermodynamic approximation only as might be seen from figure 3 , where a slight shift of the Brillouin peak of the dynamic structure factor due to nonlinear fluctuations can be observed. Having calculated the values of transport coefficients at sound frequency c k, one can analyze the sound mode behaviour and compare this result with the molecular dynamics results [24] and the experiment data [17] . It allows us to calculate coefficient a at a nonanalytical term in the expression for sound mode dispersion ω s (k) = ±ick + γk 2 + (±i − 1)ak 5/2 . Our calculation gives a = 0.92 and the presented above dispersion law holds up to k * ∼ 0.25 when the necessity to take higher powers of k * into account appears. One has to point out that the obtained value of a corresponds well to the result of [24] , where it is calculated by least squares fitting and equals 1.46. But the problem mentioned above does not allow us to calculate TrSCF at small values of wave-vector and we face the problem similar to one appearing in MD simulation, when one has to extrapolate the results for static correlation functions in the domain k → 0.
To a certain degree our results are comparative with the experimental data [17] , where coefficient a was equal to 0.90, but our thermodynamic point slightly differs (in temperature) from that in the experiment.
Concluding remarks
The proposed approach allows one to carry out the calculation of time-spatial dispersion of transport coefficients and, consequently, to obtain the expressions for time correlation functions using the mode-coupling theory. We have calculated the dynamic structure factor of a simple liquid in both local and nonlocal thermodynamics approximations. The second approach appears to be more applicable in the case of intermediate values of wave-vector, while at low values of k * the local thermodynamics approximation is quite sufficient. From the mathematical point of view, taking into account k-dependence of TrSCF, joining the irreducible parts of hydrodynamic velocities with quadratic fluctuations of collective variables means a consideration of terms of the next orders in wave-vector (∼ k 3/2 , k 5/2 ) in the expressions for dispersion of transport coefficients. In the domain of small wave-numbers these corrections are found to be of higher orders in comparison with the results of the iteration procedure for the solution of nonlinear integral equations and usually are not considered. However, these terms become important in the intermediate region of k * when we are on the margin of the validity of the mode-coupling theory. It is clear that one has to combine the iterative procedure with the consideration of nonlocal processes.
It should be emphasised that at k * ∼ 1 higher fluctuations (triple, etc.) give a certain contribution to expressions for transport coefficients and have to be taken into account too. On the other hand, even quadratic fluctuations give quite a reliable description of the system. For including the third-order fluctuations one has to know the fourth-order static correlation functions. It is clear that the approximations which should have been made to a considerable extent influence the final result and its validity cannot be considered to be better than in the case of quadratic fluctuations.
From the physical point of view, taking into account wave-dependence of TrSCF means, as has already been explained, a nonlocal thermodynamic approximation, when pressure at a given point of the liquid depends on characteristics in the neighbouring points. In this context it would be interesting to investigate the temperature dependence of the dynamic structure factor as soon as one is drawing near the critical point where the consideration of nonlocalities is essential.
The region of small k * is unreachable either by MD or by neutron scattering experiments. However, our calculations, performed at small k * , allow us, firstly, to estimate the domain of validity of the mode-coupling theory and, secondly, to obtain numerical values at nonanalyticities of the corresponding transport coefficients.
